1. Introduction {#s0005}
===============

Concerns over global warming and its detrimental consequences continue to rise, making carbon emissions reduction an increasingly critical matter. It is a global consensus that carbon emissions stand out as the prime cause leading to climate change and global warming (IPCC, 2014). The recent surge in carbon emissions and its negative impact is mainly attributed to the fast-paced industrial growth and the associated intensive energy consumption. The amount of carbon footprint generated evidently varies across different sectors of the economy, where the potential reduction of such emissions in the industrial, construction, and agricultural sectors was discussed by [@b0165]. The authors stated that carbon emissions due to logistics operations in specific constitute a small percentage to possibly more than 10 percent of the global emissions depending on the characteristics of goods as well as the transportation mode adopted. As a matter of fact, in the year 2017, it is reported that 29% and 28% of greenhouse gas emissions in the United States were generated from transportation and electricity, respectively [1](#fn1){ref-type="fn"}.

On the notion of goods characteristics, cold supply chain has unique dynamics and peculiarities that sets it apart from other supply chains. Cold, or temperature-sensitive, products are typically of perishable nature and encompass a wide range of products such as fresh produce, poultry and dairy products, fishery items, pharmaceuticals, vaccines, among many others. Efficiently managing the logistics operations for such products has recently received an ever growing interest from both industrial practitioners and academic researchers alike, which may partially be attributed to two main reasons. First, the expanded market reach of these products and the unprecedented surge in their sales figures due to the advancement in the enabling cooling technologies coupled with the increase in the number of third party logistics service providers specialized in handling this type of products. For instance, it has been estimated that global cold chain market was valued at \$189.92 Billion in 2017 and it is projected to reach \$293.27 Billion by 2023 [2](#fn2){ref-type="fn"}. In the year 2018, the overall global capacity of cold storage reached around 616 million cubic meters [3](#fn3){ref-type="fn"}. These numbers clearly illustrate the great potential that exists towards optimizing the movement and storage of such products along each step across the supply chain. Secondly, since cold products are typically chilled (0 °C) or frozen (-20 °C), special temperature-controlled transport and storage facilities are needed to handle them making this industry highly energy intensive. In fact, [@b0200] pointed out that energy consumption in cold chains amounts to 30% of the total world energy consumption. Furthermore, this extensive use of energy triggers elevated levels of carbon emissions, where it has been reported by [@b0180] that the cold chain is held accountable for almost 1% of the world's greenhouse gas emissions. The intensive energy usage, and accordingly the cost, of cold products logistics operations coupled with their negative environmental impact renders the development of efficient and sustainable replenishment policies of such products an inevitable necessity. A bad selection for the number and capacity of temperature-controlled trucks, the lot size to order, and the number and size of freezer units at the retailing outlets, among other factors, could have a devastating impact on the cost, quality, environment and customer service level. Therefore, supply chain practitioners dealing with cold products ought to explicitly account for sustainability aspects as an integral part of their operational decision-making process.

As a matter of fact, different carbon regulatory policies have been embraced internationally to help abate carbon footprint. Currently, there are four such policies in place which are carbon taxing, carbon cap, cap-and-trade, and cap-and-offset ([@b0055], [@b0210]). Following the carbon tax policy, a company is charged on a per unit basis (e.g., ton) for its generated carbon emissions in the form of taxes. In essence, the governing entity sets the price of carbon emissions and allows the market to determine the amount of emission reductions. On the contrary, it is not allowed to infringe the carbon emissions level under the cap policy, as the cap establishes a strict upper bound on a firm's emissions. On the other hand, the cap-and-trade policy calls for allowing a firm to buy/sell emission credits if its emission level is higher/lower than the imposed cap. Lastly, the carbon cap-and-offset policy allows companies to invest in carbon offset projects towards increasing their allotted caps. A more elaborate discussion on the four regulatory policies, the efficiency and the potential benefits that each policy offers along with implementation practices of various policies across different countries is provided in [@b0085].

Several authors considered different demand patterns when addressing sustainable lot sizing problems for non-perishable and cold items such as deterministic ([@b0040], [@b0215]), dynamic or time varying ([@b0005], [@b0310]), and stochastic ([@b0245], [@b0255]). However, the dynamic or stochastic demand patterns are more practical as they better capture real-life dynamics of the demand for many products such as the ones under study here. More specifically, cold or perishable products in general, typically exhibit time varying demand stressing the need for dynamic lot sizing modeling approach to optimize inventory and transportation related decisions on a periodic basis, and accordingly control costs and carbon emissions. For instance, dairy products, fishery items and fresh food exhibit daily or weekly varying demand patterns. In case of daily demand, this demand is much higher during the weekend than during weekdays as most consumers, living in the vicinity of the retail stores, frequently tend to purchase their needs of such items on weekends. The remaining consumers prefer to go to the retail store when the need arises during the weekdays. Similarly, the demand varies from week-to-week, where the demand in the first week of the month is especially higher as consumers do more of their purchases during this week after receiving their paychecks.

This paper addresses the logistics operations of a cold product exhibiting a discrete time varying demand over a finite planning horizon. As modular temperature-controlled units are used to store and transport such products, the carbon footprint generated due to these activities is taken into account through the carbon cap regulatory policy. The cap is firstly set on the total emissions throughout the planning horizon and then a stricter version is considered with the cap being imposed on each period's emissions. For each of the two cases, a mixed integer linear programming (MILP) model is developed along with a solution algorithm that yields the optimal ordering policy. To the authors' best knowledge, this work is the first to tackle this problem in the context of cold products using temperature-controlled transportation trucks and warehousing facilities while accounting for the products limited shelf life aspect.

The remainder of this paper is organized as follows. [Section 2](#s0010){ref-type="sec"} presents a review of the state-of-the-art literature pertaining to the problem at hand, and highlights the contributions of this work. [Section 3](#s0030){ref-type="sec"} provides the mathematical models along with the proposed solution algorithms. The impact of the carbon cap (both total and periodic) as well as other key problem parameters on the lot sizing policy, the operational cost and the carbon footprint generated is assessed in [Section 4](#s0045){ref-type="sec"} through sensitivity analysis. Concluding remarks in addition to suggestions for future research avenues are presented in [Section 5](#s0060){ref-type="sec"}. Lastly, the detailed derivation of the economic and environmental objective functions coefficients along with illustrative examples for the total and periodic cap cases are shown in the appendices.

2. Relevant literature {#s0010}
======================

As the work presented herein tackles sustainable lot sizing problems for cold/perishable products with limited shelf life considerations, the state-of-the-art review of the relevant literature is divided into two parts: [(1)](#e0045){ref-type="disp-formula"} Environmentally-conscious inventory models for non-perishable products, and [(2)](#e0050){ref-type="disp-formula"} Inventory models for perishables with particular emphasis on those accounting for shelf life limitations.

2.1. Environmentally-conscious lot sizing models for non-perishables {#s0015}
--------------------------------------------------------------------

While economic goals have long been the dominating performance measure for most inventory models, several research works have also incorporated environmental aspects to better align with stringent government regulations on carbon emissions and the elevated public awareness of sustainability related matters. Moreover, recent supply chain literature alongside emerging practices recognize that significant cost savings and carbon emissions reductions can be achieved via better-coordinated inventory and transportation related decisions. Therefore, different carbon emissions related constraints have been integrated with conventional operational constraints such as demand, supply, capacity, and inventory balance constraints. Similarly, the objective function has also been reformulated with the inclusion of total carbon emissions minimization ([@b0100]). The aforementioned carbon regulatory policies may impose restrictions on an organization's day-to-day operations, ultimately forcing such organizations to make adjustments to their operational strategy so that it better adheres to these regulations. In this section, we highlight the relevant inventory models incorporating carbon emissions, with a special emphasis on the regulatory policies of carbon tax and carbon cap. [Table 1](#t0005){ref-type="table"} provides a classification of the existing literature pertaining to sustainable inventory models based on several dimensions, which helps better situate the present work and highlight its contributions. The transportation cost structure column displays what structure is adopted (if any), where (fixed + var.) indicates that the authors explicitly accounted for the fixed cost per truck and the variable cost calculated on a per unit of the product and/or unit distance traveled. It can be noted from [Table 1](#t0005){ref-type="table"} that the majority of these models address single echelon environments and assume a single product setting.Table 1A classification of the relevant sustainable inventory models for non-perishable productsReferenceSupply chain configurationMarket demandPlanning horizonNo. of ItemsTransp. cost structureLimited Vehicle capacityCarbon regulatorypolicyC: ConstantD: DynamicS: StochasticFiniteInfiniteSingleMultiple[@b0060]Single echelon√√√SimplifiedEmission social cost[@b0360]SV-SB√√√SimplifiedEmission cost[@b0160]Single echelon√√√NoneCap & trade[@b0065]Two echelon√√√NoneCarbon tax[@b0005]Single echelon√√√SimplifiedCarbon cap[@b0030]Single echelon√√√NoneFour policies[@b0055]Single echelon√√√NoneFour policies[@b0090]Single echelon√√√NoneFour policies[@b0045]Single echelon√√√Fixed + Var.√Emission cost[@b0050]Single echelon√√√Fixed√Carbon tax[@b0025]Single echelon√√√Fixed + Var.√Emission cost[@b0010]Single echelon√√√SimplifiedCarbon cap[@b0095]Two echelon√√√Fixed + Var.√Four policies[@b0245]Multi echelon√√√√SimplifiedFour policies[@b0120]SV-SB√√√NoneCarbon cap[@b0220]Two echelon√√√SimplifiedCarbon tax, Cap & trade[@b0215]Single echelon√√√Fixed + Var.√Emission cost[@b0040]Single echelon√√√Fixed + Var.√Cap & trade[@b0310]Multi echelon√√√√Fixed + Var.√Carbon tax, Cap & trade[@b0335]Single echelon√√√NoneCarbon tax, Cap & trade

Several research works have investigated the role that the inclusion of carbon emissions cost in the objective function plays towards curbing the carbon footprint levels under various operational settings. One of the earliest such works is that of [@b0060] who devised a mathematical model that considers environmental aspects via minimizing the emissions social cost alongside other operational costs. The authors assumed a "simplified" structure for the transportation cost which solely depends on the number of orders/trips made and the distance traveled while overlooking relevant aspects such as trucks' capacities, number of trucks utilized as well as the load and speed of these trucks. A similar structure for the transportation cost was also adopted by [@b0360] but in the context of a single-vendor single-buyer (SV-SB) integrated inventory system. [@b0065] presented a sustainable Economic Order Quantity (EOQ) model which jointly optimizes the cost as well as a set of sustainability criteria for the single echelon case. They later extended the work to address a two echelon serial system comprised of a warehouse and a retailer. Along the same lines, [@b0045] put forward a sustainable EOQ model that considers multiple transportation modes. In their work, the emissions generated due to truck transportation were assumed to be a function of the number of trucks utilized and the load factor of each truck. Through a multi-objective EOQ model, [@b0025] illustrated the economic and emissions reduction benefits realized when two buyers cooperate to share transportation paths and handling units. All of the above works have considered the cost of carbon emissions in the context of the EOQ model which assumes a deterministic and constant demand and an infinite planning horizon.

Other works have considered the strict carbon cap regulatory policy, which prevents firms from violating a predetermined level of carbon emissions. For instance, [@b0090] studied the EOQ model under the carbon cap policy and provided conditions under which the relative reduction in emissions is greater than the relative increase in cost. In another work, [@b0145] studied the trade-off between lead time, inventory costs, and transportation costs while applying a cap to reduce carbon footprint. [@b0205] analyzed an integrated inventory control and transportation problem while accounting for environmental aspects through a carbon cap constraint on the total emissions. He jointly addressed transportation and inventory control decisions to better capture per truck costs and trucks capacities. [@b0005] considered a sustainable version of the dynamic lot sizing problem (DLSP) for a single item under the carbon cap scheme. In a follow-up work, [@b0010] extended their former work to account for different supplying modes with fixed carbon emissions associated with each mode. In a relevant work, [@b0140] extended the work of [@b0005] where a more general function for the emissions associated with setups and inventory holding is adopted. They showed that the problem is NP-hard and subsequently developed a Lagrange relaxation based approach to obtain a lower bound to the problem. [@b0120] proposed a cost minimization model for a two-echelon supply chain under stochastic demand assumption with allowed partial backorders while incorporating a carbon emission constraint. They assessed the impact of the imposed carbon cap policy on the optimal order quantity, reorder point, and number of shipments.

Another stream of research works were devoted to comparing the lot sizing strategy and the supply chain performance under the four different policies or a subset of them (see carbon regulatory policy column in [Table 1](#t0005){ref-type="table"}). For instance, [@b0135] assessed the effectiveness and efficiency of the cap-and-trade and carbon tax policies with respect to seven criteria, including the average emission price and the actual emission. [@b0160] employed the EOQ model to examine the impacts of carbon cap and carbon price on the order size and the associated carbon emissions. [@b0055] modeled the four regulatory policies to study the impact of carbon emissions on the dynamic lot sizing problem with the objective of minimizing the total costs of holding, ordering and backordering. They used the proposed models to study the extent to which carbon reduction requirements can be addressed by operational adjustments, as an alternative or a supplement to costly investments in carbon-reducing technologies. They also discussed the impact of collaboration on supply chain members' costs and carbon emissions. [@b0350] analyzed a retailer's joint decisions on inventory replenishment and carbon emission reduction. They extended the basic EOQ model to consider carbon emissions reduction investment availability under carbon cap, carbon tax, and cap-and-trade policies. Under the assumption of a constant demand, [@b0130] presented an integrated economic and environmental model for the two-stage SV-SB supply chain under a vendor managed consignment inventory arrangement. They studied the impact of the carbon tax and the carbon cap regulations on the chain-wide total costs and carbon emissions. They concluded that the generated carbon footprint can be drastically reduced - without significantly increasing the operational costs - via adjusting the vendor's production and buyer's delivery quantities. Recently, [@b0310] considered the carbon tax and the cap-and-trade regulations with transportation fleets while allowing for lost sales to take place. The objective of their non-linear mathematical model is to select the optimal carbon control policy with optimal production, inventory, and delivery quantities. Their results showed that the selected carbon policy may significantly affect the supply chain performance with carbon price being the key parameter. A more comprehensive discussion on sustainable inventory models incorporating carbon emission considerations are provided in the review works of [@b0330], [@b0235], [@b0110], and [@b0085].

While these works account for environmental concerns when tackling lot sizing and/or transportation decisions, they do so in the context of non-perishable products. As such, they overlook practical aspects governing the logistical operations of perishables, such as limited lifetime and the use of temperature-controlled transport and storage facilities. As noted in the review paper of [@b0355], very few papers have considered sustainability aspects in the transportation of perishable products. This work enriches the existing literature where it jointly optimizes the lot-sizing and transportation decisions for cold products whilst incorporating relevant operational and environmental restrictions as an integral part of the decision making process.

2.2. Inventory models for cold/perishable products {#s0020}
--------------------------------------------------

Perishability is an important aspect characterizing a wide range of products. Due to their widespread applicability, an increasing body of literature has been devoted to modeling the logistical operations of these products while explicitly accounting for their perishable nature. As noted by [@b0185], the development of inventory models for perishable goods began in the 1960s with 17 review papers on the topic published by the end of 2015. However, when considering perishability, it is particularly important to point out that the literature distinguishes between two major categories, namely decay models and finite lifetime models, with the latter being further classified into fixed and random finite lifetime models ([@b0195]). Along the same lines, [@b0275] clearly highlighted the differences between decay/deterioration and perishability, and noted that these terms are used interchangeably in the literature. They pointed out that deteriorating items continuously lose their utility/value on a gradual basis over time, while perishable ones are considered no longer valid and lose all their utility at once after a certain point in time (shelf life). [Table 2](#t0010){ref-type="table"} provides a characterization of the relevant research works based on several dimensions where the products are classified according to their nature as perishable (those with limited shelf life consideration), deteriorating, and cold products (those requiring modular temperature-controlled transportation and storage units).Table 2A classification of the relevant inventory models for perishable productsReferenceSupply chain configurationPerishability natureMarket DemandNo. of itemsLimitedShelf lifeTransp. cost structureTruckscapacityFreezers capacityCarbon regulatory policyColdPerishableDeterioratingC: ConstantD: DynamicS: StochasticSingleMultiple[@b0150]Single echelon√√√NoneNone[@b0155]Single echelon√√√NoneNone[@b0195]Two echelon√√√√NoneNone[@b0270]Single echelon√√√√NoneNone[@b0370]SV-SB√√√√NoneNone[@b0320]Multi echelon√√√√Fixed + Var.√Emission minimization[@b0075]Single echelon√√√Fixed + Var.√√Emission minimization[@b0265]Single echelon√√√√NoneNone[@b0070]Single echelon√√√Fixed + Var.√√Emission minimization[@b0255]Single echelon√√√√NoneNone[@b0260]Two echelon√√√√SimplifiedNone[@b0280]Single echelon√√√√√NoneNone[@b0300]Single echelon√√√√NoneNoneSargut & Işik (2017)Single echelon√√√NoneNone[@b0125]Multi echelon√√√Fixed + Var.√√Carbon tax[@b0345]SV-SB√√√SimplifiedCarbon tax[@b0190]Single echelon√√√√√SimplifiedNone[@b0305]Single echelon√√√√Fixed + Var.√√Carbon tax[@b0035]SV-MB√√√Fixed + Var.√√Carbon tax[@b0020]Two echelon√√√Fixed + Var.√√None**This paperSingle echelon√√√√Fixed + Var.√√Carbon cap**

A stream of researchers addressed the lot sizing problem of perishable products under the assumption of dynamic demand, including [@b0320], [@b0285], [@b0265], [@b0260], [@b0280], [@b0300] as seen in [Table 2](#t0010){ref-type="table"}. [@b0320] put forward a sustainable optimization model for the network logistics problem of a beef supply chain, with cost and emission minimization as the two objectives. [@b0285] developed a mixed integer programming model for planning the production of multiple perishable products having a fixed shelf life while adopting a last-expired first-out (LEFO) consumption order. They further extended the model to account for the value of food freshness and age dependent demand. In another work, [@b0265] also considered the lot sizing problem of a perishable product with a deterministic expiration date. However, besides the LEFO consumption order, they also considered first-expired first-out (FEFO), first-in first-out (FIFO) and last-in first-out (LIFO) patterns. A dynamic programming (DP) based approach was developed to attain the optimal solutions for all consumption orders within polynomial solution time. While this latter work addressed single stage systems, [@b0260] tackled the two-stage single-product lot sizing problem with fixed shelf life, proved the problem to be NP-hard, and presented special cases solvable within polynomial time. Following the FEFO consumption order, [@b0300] developed the replenishment strategy for multiple perishable products with each product having a specific expiry date while allowing shortages to take place. [@b0280] studied the production planning problem of food items having a fixed shelf life, long production lead times and non-stationary stochastic demand. Under the FIFO consumption policy, a mixed integer programming model is developed to decide on the optimal lot sizing strategy while satisfying a fill rate constraint. Other works tackled lot sizing problems for perishable products of fixed shelf life under the assumption of a stochastic demand, including [@b0195], [@b0270], [@b0255], [@b0105], [@b0190]. For a more comprehensive synopsis of inventory models for perishable products, interested readers are referred to the review works of [@b0275], [@b0080].

In case of cold supply chains, accounting for carbon emissions is even more critical, which is partly attributed to the associated high energy costs, negative environmental impacts and the stipulated stringent government regulations. For instance, [@b0240] pointed out that refrigeration accounts for a major portion of energy consumption and carbon emissions in fresh food supply chains. While cold products typically exhibit either a decay or perishability, the works listed hereafter differ from the ones mentioned above in the sense that they specifically incorporate the distinguishing peculiarities characterizing the logistical operations of cold products such as the use of limited-capacity temperature-monitored trucks and storage freezers, while mostly accounting for the generated carbon emissions. For instance, under the assumption of a constant demand, [@b0075] developed a single-period single-product model that jointly minimizes the operational cost as well as carbon footprint generated due to transportation and storage activities. A set of exact solution algorithms were proposed to find the optimal order quantity while assuming that the operational status of the freezers does not change throughout the period. [@b0070] extended the previous work to address the case of multiple cold products where products were grouped into families based on their compatibility. Following the carbon tax policy, [@b0125] assessed the impact of accounting for carbon emissions, resulting from transportation and storage activities, in the context of a three-stage cold supply chain under the assumptions of constant demand and infinite planning horizon. They concluded that the incorporation of carbon-related costs, through carbon tax regulation, may call for adjusting the adopted operational policy resulting in a minor increase in the operational cost which is outweighed by the savings generated from carbon-related cost. In a related work, [@b0305] proposed a model to optimize the replenishment strategy for a firm facing a discrete time-varying demand for a cold product under carbon tax policy. The sensitivity analysis results showed that higher cost savings and carbon reductions are realized for increasing values of the carbon tax rate. More recently, [@b0035] extended the work of [@b0125] to address a two-stage single-supplier multiple-retailers supply chain with the retailers facing a stochastic demand. The authors jointly optimize the inventory replenishment decisions alongside the routing of the vehicles among the retailers under the carbon tax policy. While overlooking the environmental perspective, [@b0020] tackled the pure cost-minimizing inventory routing problem (IRP) of multi-stage multi-product cold supply chain where split deliveries were allowed. Further readings on works addressing various aspects of cold/perishable products logistics while accounting for environmental considerations are found in the review papers of [@b0375], [@b0380], [@b0355].

2.3. Research contributions {#s0025}
---------------------------

For perishable products in general, accounting for shelf life aspect is of practical relevance as it directly affects the replenishment strategy and the associated carbon emissions as well as the potential waste generated and ultimately a firm's profitability. Despite its paramount importance, it is noted in the review paper of [@b0275] that little research has been done in the modeling of lifetime restrictions to prevent wastage and disposal of perishable products, especially in a dynamic planning context. As cold products are usually of a perishable nature, this work contributes to such deficiency through addressing the lot-sizing policy of a cold product facing time varying demand while explicitly considering environmental and limited lifetime aspects. Stated more formally, we next highlight the three main contributions of this paper.1)A variant of the classic dynamic lot sizing problem for cold items is addressed while accounting for practical considerations, such as limited shelf life constraints and trucks and freezers capacity as well as the generated carbon emissions, through a carbon cap constraint (either on the total emissions or on the periodic emissions). Moreover, this work mimics real life practices in many retailing outlets whereby the cold storage area is partitioned into compartments (freezer units) and the number of such units to be switched on/off is optimized on a periodic basis depending on the amount of on-hand inventory. To the best of the authors' knowledge, none of the existing research works have tackled this problem under the same settings in the context of cold products.2)It is known that Lagrangian relaxation approach provides lower bounds to complex minimization problems. As such, this approach is typically used to generate approximate (near-optimal) solutions. However, as shown in this paper, the novelty in the proposed hybrid Lagrangian relaxation and Bisection based solution procedure is that it generates the optimal solution to the optimization problem when a carbon cap is imposed on the total carbon emitted over the planning horizon. In addition, based on the optimal value of the Lagrangian multiplier, we present the policymakers with a novel idea to choose between the carbon tax and the total carbon cap policy. Unlike the work of [@b0310] where the authors defined a binary variable to indicate the choice of a specific policy, we instead utilize the Lagrangian multiplier to assess the economic and environmental performance of these two policies and determine for what range of the tax rate one would outperform the other.3)Despite the existence of additional constraints that govern the logistics of cold products, such as the finite capacity of the transport and storage facilities and the limited shelf life, the work presented in this paper is the first to extend some of the established results for non-perishable items and illustrate their validity for cold products as well. More specifically, via making operational adjustments to the lot sizing strategy, it might be possible to substantially reduce carbon emissions without significantly compromising the operational cost (a similar result was reported by [@b0090], [@b0130] for non-perishables). Also, paradoxical increases in the total emissions are sometimes realized with slightly tighter values of the periodic cap (a similar result was obtained by [@b0055] for non-perishables).

3. Mathematical models and solution procedures {#s0030}
==============================================

Consider a cold product facing known time-varying demand over a discrete planning horizon of length *T* periods*.* Due to its perishable nature, the cold product has a pre-determined shelf life and requires refrigerated trucks for its transportation and modular temperature-controlled storage units (freezers) for its storage at the retailer's facility. As in the work of [@b0255], shelf life herein denotes the remaining portion of the product total lifetime as they enter the retailing stage. The planning horizon is discretized into equally spaced periods, where the demand is satisfied throughout the period and replenishments (if any) are to be received at the beginning of the period. Although a homogenous fleet of refrigerated trucks (reefers) is used to transport the cold product to the retailer, the calculations of the transportation cost presented herein, as well as the carbon emissions, take into account whether the truck is fully loaded to its maximum capacity *R*, which is better aligned with real life practices. In a similar fashion, the storage area at the retailer's facility is partitioned into a number of identical-sized temperature-controlled compartments (freezers) each having a capacity of $U$ units. This ensures better energy utilization along with a reduction in the resulting carbon emissions through providing the retailer the flexibility to alter the operational status of those freezers on a periodic basis depending on the on-hand inventory levels. For each period, *t*, the optimization problem is then to determine the retailer's ordering quantity, *Q~t~,* the number of refrigerated trucks, *m~t~*, and the number of freezers to be operated, *n~t~,* that minimize the sum of ordering, transportation, holding, and freezers' operational costs subject to the imposed restriction on the amount of carbon emissions due to storage and transportation activities. In this paper, we consider the two cases where the carbon cap is imposed on the amount of carbon emitted over the entire planning horizon and on the carbon generated during each period of the planning horizon.

Following are the assumptions underlying the mathematical models developed in this paper:1)Orders are delivered only at the beginning of the periods.2)Ideal transportation and storage conditions are always maintained which prohibits the deterioration of the cold product during those activities.3)The cold product is perishable in the sense that it loses its value/utility all at once upon exceeding the fixed shelf life (see [@b0275] for a more detailed discussion). Accordingly, a quantity delivered at the beginning of period *t* can only be held in stock for a limited number of periods equal to its shelf life, *SL.*4)Demand fulfillment follows a first-in first-out (FIFO) stock outflow pattern. In this case, ending inventory left from an order delivered at the beginning of period *t,* is *g* periods old at the end of period (*t* + *g* -1), where *g* is less or equal to *SL.*5)The lead time associated with shipment delivery from the supplier is negligible.6)Demand backordering is not permitted, and holding cost is charged against inventory at the end of each period.7)The operational status of a freezer unit does not change during the period, and a freezer is switched off only when it is completely emptied.8)There is no restriction on the number of reefers and freezers available to transport and store the cold product, respectively.9)The adopted carbon regulatory policy is carbon cap, which sets a limit on the amount of carbon footprint generated from the transportation and storage activities.10)Without loss of generality, the initial (ending) inventory at the beginning (end) of the planning horizon is set equal to zero.

The following main notations are adopted in the development of the mathematical models. More notations will be introduced as needed.Problem parameters:*h*:Unit storage cost of the cold product for one period, excluding energy consumption cost*A*:Fixed ordering cost*SL*:Shelf life of the cold product*U*:Freezer storage capacity*R:*Full truckload (FTL) capacity of one truck*D~t~*Demand for the cold product in period *t*$D_{\mathit{ij}} = \sum_{k = i}^{j}D_{k}fori = 1,2,\cdots,Tandj = i,\cdots,T.$*C*:Cap on the carbon emissions generated over the entire planning horizon*CP*:Cap on the carbon emissions generated per period$\left\lceil x \right\rceil$The smallest integer larger than or equal to *x*$\left\lfloor x \right\rfloor$The largest integer smaller than or equal to *x*Decision Variables:*B~t~*:Inventory level at the beginning of period *tE~t~*:Inventory level at the end of period *tQ~t~*:Ordering quantity in period *tm~t~*:Number of refrigerated trucks needed to transport *Q~t~* units of the cold product in period *tn~t~*:Number of freezers in the operating mode during period *ty~t~*:Binary variable, equals to one when an order is placed and received at the beginning of period *t* and zero otherwiseTowards curbing carbon emissions, the carbon cap regulation has proven to be an effective regulatory policy that is gaining wider acceptance nowadays. Following such policy, a cap is set on the maximum carbon footprint generated by an organization where this cap may span the entire planning horizon (e.g., a year) or could simply be imposed on a shorter-range periodic amounts of carbon emissions (e.g., a month), with the latter being obviously a more strict version of the former. In this paper, we address both cases where the following subsection presents the mathematical formulation and the solution algorithm for the case of a cap being defined for the entire planning horizon whilst the next subsection tackles the shorter interval caps. For a better organization of the paper, the derivation details of the mathematical expressions of the coefficients for the total operational cost function and total carbon footprint constraints are delegated to Appendix A. Furthermore, illustrative examples on the two optimization problems, with total and periodic caps, are shown in Appendices B and C, respectively.

3.1. Imposed Carbon Cap on the Emissions over the Entire Planning Horizon {#s0035}
-------------------------------------------------------------------------

Using the expressions for the costs associated with the reefers and freezers operations derived in Appendix A, the operational cost incurred during period *t* is$$\mathit{OC}_{t} = Ay_{t} + hE_{t} + CQ \ast Q_{t} + TR \ast m_{t} + FR \ast n_{t}$$

where the first two terms are the ordering and holding costs incurred during period *t,* respectively*.* The sum of next two terms represents the transportation cost and the last term is the freezers' operational cost. Accordingly, the total operational cost over the planning horizon ($\mathit{TOC}$) is given by:$$\mathit{TOC} = \sum\limits_{t = 1}^{T}\left\lbrack {Ay_{t} + hE_{t} + CQ \ast Q_{t} + TR \ast m_{t} + FR \ast n_{t}} \right\rbrack$$

The total carbon footprint over the entire planning horizon ($\mathit{TCF}$) is directly attainable from Equation [(A7)](#e0245){ref-type="disp-formula"} and it is given by:$$\mathit{TCF} = \sum\limits_{t = 1}^{T}\mathit{CF}_{t} = \sum\limits_{t = 1}^{T}\left\lbrack {\hat{\mathit{CQ}}Q}_{t} + \hat{\mathit{TR}}m_{t} + \hat{\mathit{FR}}n_{t} \right\rbrack$$

Therefore, the constraint stipulating that the allowable carbon cap over the planning horizon is not exceeded would be given by:$$\sum\limits_{t = 1}^{T}\left\lbrack \hat{\mathit{CQ}}Q + \hat{\mathit{TR}}m_{t} + \hat{\mathit{FR}}n_{t} \right\rbrack \leq C$$

In the following, an ordering policy is defined by the vector $Q = \left( {Q_{1},Q_{2},\cdots,Q_{T}} \right)$ in the sense that once $Q$ is determined then the remaining decision variables can be found using:$$y_{t} = \left\{ {\begin{matrix}
{1ifQ_{t} > 0} \\
{0ifQ_{t} = 0} \\
\end{matrix}t = 1,2,\cdots,T} \right)$$ $$E_{t} = \sum\limits_{l = 1}^{t}\left( Q_{l} - D_{l} \right)t = 1,2,\cdots,T$$ $$m_{t} = \left\lceil \frac{Q_{t}}{R} \right\rceil t = 1,2,\cdots,T$$ $$n_{t} = \left\lceil \frac{{E_{t - 1} + Q}_{t}}{U} \right\rceil t = 1,2,\cdots,T$$

Hence, the operational cost optimization problem with carbon emission constraint is given by:

(CAP~T~):$$Z\left( 0 \right) = MinimizeTOC\left( Q \right) = \sum\limits_{t = 1}^{T}\left\lbrack {Ay_{t} + hE_{t} + CQ \ast Q_{t} + TR \ast m_{t} + FR \ast n_{t}} \right\rbrack$$

Subject to:$$TCF\left( Q \right) = \sum\limits_{t = 1}^{T}\left\lbrack \hat{\mathit{CQ}}Q + \hat{\mathit{TR}}m_{t} + \hat{\mathit{FR}}n_{t} \right\rbrack \leq C$$ $$E_{t - 1} + Q_{t} - E_{t} - D_{t} = 0,t = 1,2,\cdots,T$$ $$Q_{t} \leq m_{t}Rt = 1,2,\cdots.T$$ $$E_{t - 1} + Q_{t} \leq n_{t}Ut = 1,2,\cdots,T$$ $$Q_{t} \leq y_{t}\sum\limits_{j = t}^{T}D_{j}t = 1,2,\cdots,T$$ $$E_{t - 1} + Q_{t} \leq \sum\limits_{j = t}^{t + SL - 1}D_{j}t = 1,2,\cdots,T - SL$$ $$E_{t} \geq 0t = 1,2,\cdots,T$$ $$y_{t} \in \left\{ {0,1} \right\} t = 1,2,\cdots,T$$ $$E_{0} = E_{T} = 0$$ $$m_{t},n_{t} \in N^{+}t = 1,2,\cdots,T$$

Equations [(3)](#e0055){ref-type="disp-formula"} represent the classical inventory balance constraints, while constraints [(4)](#e0060){ref-type="disp-formula"} establish the number of trucks needed to transport the lot size of that period. The number of operational freezers in a particular period is dictated by the beginning inventory as seen in constraint set [(5)](#e0065){ref-type="disp-formula"}. Constraints [(6)](#e0070){ref-type="disp-formula"} ensure that the lot size is zero in case no order is placed in period $t$. Assuming a FIFO consumption pattern, constraints [(7)](#e0075){ref-type="disp-formula"} are the shelf life constraints, which mandate that the inventory at the beginning of a period does not exceed the demand for $\mathit{SL}$ periods including that own period's demand. The remaining constraints represent the non-negativity, binary and integrality restrictions on the respective decision variables. We next provide some insights leading to the development of an optimal solution algorithm to problem (CAP~T~).

*Feasibility assumption*: The carbon cap should satisfy the condition$$C_{\mathit{\min}} \leq C \leq C_{\mathit{\max}}.$$

The lower bound carbon cap*,* $C_{\mathit{\min}}$ is the minimum carbon footprint over the entire planning horizon obtained by solving the following carbon cap-unconstrained environmental optimization problem, since its objective function is to minimize the total carbon emitted over the planning horizon:

Cap~min,T~:

Min *TCF(Q)*

subject to constraints [(3)](#e0055){ref-type="disp-formula"}, [(4)](#e0060){ref-type="disp-formula"}, [(5)](#e0065){ref-type="disp-formula"}, [(6)](#e0070){ref-type="disp-formula"}, [(7)](#e0075){ref-type="disp-formula"}, [(8)](#e0080){ref-type="disp-formula"}, [(9)](#e0085){ref-type="disp-formula"}, [(10)](#e0090){ref-type="disp-formula"}, [(11)](#e0095){ref-type="disp-formula"}

The upper bound, $C_{\mathit{\max}}$, is the total carbon emissions of the optimal lot sizing policy of the following carbon cap-unconstrained operational cost optimization problem.

Cap~max,T~:

Min *TOC(Q)*

subject to constraints [(3)](#e0055){ref-type="disp-formula"}, [(4)](#e0060){ref-type="disp-formula"}, [(5)](#e0065){ref-type="disp-formula"}, [(6)](#e0070){ref-type="disp-formula"}, [(7)](#e0075){ref-type="disp-formula"}, [(8)](#e0080){ref-type="disp-formula"}, [(9)](#e0085){ref-type="disp-formula"}, [(10)](#e0090){ref-type="disp-formula"}, [(11)](#e0095){ref-type="disp-formula"}

In order to solve the optimization problem (CAP~T~), the carbon cap constraint [(2)](#e0050){ref-type="disp-formula"} is relaxed by augmenting it to the objective function via the use of a Lagrangian multiplier (λ \> 0). The Lagrangian relaxation problem is then

(CAP~T~(λ)):$$Z\left( \lambda \right) = Minimize\left\{ TOC\left( Q \right) + \lambda\left\lbrack {TCF\left( Q \right) - C} \right\rbrack \right\}$$

Subject to constraints (3)-(11)

For a given λ, the relaxed optimization problem (CAP~T~(λ)) can be solved optimally using the dynamic programming based solution procedure proposed in [@b0305]. The objective function of the dual problem to (CAP~T~(λ)) is then:

(D):$$\max\limits_{\lambda \geq 0}Z\left( \lambda \right)$$

Given the integrality of the demand figures and the lot sizes, the set of feasible solutions to constraints [(3)](#e0055){ref-type="disp-formula"}, [(4)](#e0060){ref-type="disp-formula"}, [(5)](#e0065){ref-type="disp-formula"}, [(6)](#e0070){ref-type="disp-formula"}, [(7)](#e0075){ref-type="disp-formula"}, [(8)](#e0080){ref-type="disp-formula"}, [(9)](#e0085){ref-type="disp-formula"}, [(10)](#e0090){ref-type="disp-formula"}, [(11)](#e0095){ref-type="disp-formula"} is finite. We denote this set of feasible *Q*'s by *S* = (*Q* ^1^, *Q* ^2^, ..., *Q^K^*), where *K* is the number of feasible solutions. In this case, the objective function of the dual problem can be rewritten as:

(D):$$\max\limits_{\lambda \geq 0}Z\left( \lambda \right) = \underset{\lambda \geq 0}{max}\min\limits_{k = 1..,\mathit{K}}\left\{ {TOC\left( Q^{k} \right) + \lambda\left\lbrack {TCF\left( Q^{k} \right) - C} \right\rbrack} \right\}$$

The objective function of (D) is, therefore, a piecewise linear concave function of λ. The dual function is shown in [Figure 1](#f0005){ref-type="fig"} using the data of the illustrative example presented in Appendix B. Note that the function *Z*(λ) has a finite number of breakpoints where it is not differentiable, and between each two consecutive breakpoints the functions *TOC*(*Q*) and *TCF*(*Q*) remain constant.Figure 1Variation of *Z*(*λ*), *TOC*(*λ*), and *TCF*(*λ*) as a function of the Lagrangian multiplier

We show in the following Lemma that *TOC*(*Q*) and *TCF*(*Q*) are non-decreasing and non-increasing functions of λ, respectively.Lemma 1.(i)*TOC*(*Q*) is a non-decreasing function of λ. (ii)*TCF*(*Q*) is a non-increasing function of λ. Proof.Let *Q*(0) be the optimal ordering policy for the unconstrained carbon cap problem (Cap~max,T~). Clearly, this unconstrained ordering policy has the least total operational cost, *TOC*(*Q*(0)) and the largest total carbon footprint, *TCF*(*Q*(0)). Therefore, for a given positive λ, the total operational costs, *TOC*(*Q*(λ)), of the optimal ordering policy *Q*(λ) to the Lagrangian relaxation problem (CAP~T~(λ)) cannot be smaller that *TOC*(*Q*(0)). Similarly, it can be seen that *TCF*(*Q*(λ)) ≤ *TCF*(*Q*(0)). Next, consider the optimal solution *Q*(λ') to the Lagrangian relaxation problem (CAP~T~(λ')) , with λ' = λ + Δ ≥ λ. In its expanded form, the objective function of (CAP~T~(λ')) is: $$\sum\limits_{t = 1}^{T}\left\lbrack Ay_{t} + hE_{t} + CQ \ast Q_{t} + TR \ast m_{t} + FR \ast n_{t} \right\rbrack + \left( {\lambda + \Delta} \right)\left\{ {\sum\limits_{t = 1}^{T}\left\lbrack \hat{\mathit{CQ}}Q + \hat{\mathit{TR}}m_{t} + \hat{\mathit{FR}}n_{t} \right\rbrack - C} \right\}$$

which can be rewritten as:$$\sum\limits_{t = 1}^{T}\left\lbrack {Ay_{t} + hE_{t} + \left( CQ + \lambda\hat{\mathit{CQ}} \right)Q_{t} + \left( TR + \lambda\hat{\mathit{TR}} \right) \ast m_{t} + \left( FR + \lambda\hat{\mathit{FR}} \right) \ast n_{t}} \right\rbrack + \Delta\left\{ {\hat{\mathit{TR}}\sum\limits_{t = 1}^{T}m_{t} + \hat{\mathit{FR}}\sum\limits_{t = 1}^{T}n_{t} + CTCF - C} \right\} - \lambda C.$$

For $\Delta$ = 0 and setting the objective function's coefficients for the reefers and freezers' operational costs to $\mathit{CQ} + \lambda\hat{\mathit{CQ}},$ $\mathit{TR} + \lambda\hat{\mathit{TR}}$ and $\mathit{FR} + \lambda\hat{\mathit{FR}}$, respectively, the optimal solution to the relaxed problem is *Q*(λ) with the smallest total operational costs and largest total carbon footprint with these coefficients. Consequently, *TOC*(*Q*(λ+$\Delta$)) ≥ *TOC*(*Q*($\lambda$)) and *TCF*(*Q*(λ+$\Delta$)) ≤ *TCF*(*Q*($\lambda$)) for a given $\Delta > 0.$

It can be observed from [Figure 1](#f0005){ref-type="fig"} that for a carbon cap of 1.7 tons, the range of values for the Lagrangian multiplier between the two dotted vertical lines will result in the optimal ordering policy for the primal problem (CAP~T~(λ\*)). Therefore, the smallest λ value with the total carbon footprint smaller than the carbon cap can be used to determine the optimal solution. Using this observation and assuming that $C_{\mathit{\min}} \leq C \leq C_{\mathit{\max}}$, we develop the following Bisection based algorithm to generate the optimal ordering policy. Obviously, in case ${C < C}_{\mathit{\min}}$, the optimization problem (CAP~T~) has no feasible solution. On the other hand, if $C > C_{\mathit{\max}}$, then the optimal ordering policy for the optimization problem (Cap~max,T~) is also optimal for (CAP~T~).

*Optimal solution procedure to solve the optimization problem* (CAP~T~(λ)).

Step 0. Set λ = 0, λ*~L~ =* λ and solve CAP~T~(0)

Step 1. Set λ $\leftarrow$ λ + $\Delta$ where $\Delta$ \> 0

Step 2.1. Solve (CAP~T~(λ)) using [@b0305] DP algorithm to get *Q*(λ) and *TCF*(λ)

Step 2.2. If *TCF*(λ) \> C set λ*~L~ =* λ and go to step 1

Step 2.3. If *TCF*(λ) \< C set λ*~U~ =* λ and go to step 3

Step 2.4. If *TCF*(λ) = C set λ*~U~ =* λ and go to step 5

Step 3. If λ*~U~* - λ*~L~* \> 0.01, go to step 4.1, otherwise go to step 5

Step 4.1. Set λ = (λ*~U~* + λ*~L~*)/2 and Solve P(λ) using [@b0305] DP algorithm

Step 4.2. If *TCF(*λ) \> C set λ*~L~ =* λ and go to step 3

Step 4.3. If *TCF(*λ) \< C set λ*~U~ =* λ and go to step 3

Step 4.4. If *TCF*(λ) = C set λ*~U~ =* λ and go to step 5

Step 5. λ\* = λ*~U~*, *Q*\* = *Q*(λ\*), *TOC*\* = *TOC*(λ\*), and *TCF*\* = *TCF*(λ\*)

The value of the Lagrangian multiplier, λ\*, is vital towards assessing the cost and carbon emission performance of the carbon cap regulatory policy when compared to the carbon tax policy. The following lemma shows the relationship between these two commonly used carbon regulatory policies.Lemma 2.Let $t_{x}$be the tax rate charged for each ton of carbon emitted.

If $t_{x} < \lambda^{\ast}\left( t_{x} > \lambda^{\ast} \right)$, thena-Total carbon emitted under carbon tax policy is larger (smaller) than the one generated by the carbon cap policy.b-The total operational cost of the carbon tax policy is smaller (larger) than the one of the carbon cap policy. Proof:The proof is straightforward by referring to [Figure 1](#f0005){ref-type="fig"}.

3.2. Imposed Carbon Cap on the Emissions over each Period of the Planning Horizon {#s0040}
---------------------------------------------------------------------------------

In case the cap is imposed on the amount of carbon emitted over each period of the planning horizon, the carbon cap constraints [(2)](#e0050){ref-type="disp-formula"} of the optimization problem (CAP~T~) are replaced by:$$\mathit{CF}_{t} = \hat{\mathit{TR}} \ast m_{t} + \hat{\mathit{FR}} \ast n_{t} + \hat{\mathit{CQ}} \ast Q_{t} \leq CPfort = 1,2,\cdots,T$$

where $\hat{\mathit{TR}},\hat{\mathit{FR}}and\hat{\mathit{CQ}}$ are given in equations [(A9)](#e0255){ref-type="disp-formula"} and (A11).

The optimization problem to be solved is then:

(CAP~t~)$$MinimizeTOC\left( Q \right) = \sum\limits_{t = 1}^{T}\left\lbrack {Ay_{t} + hE_{t} + CQ \ast Q_{t} + TR \ast m_{t} + FR \ast n_{t}} \right\rbrack$$

Subject to:

Constraints [(3)](#e0055){ref-type="disp-formula"}, [(4)](#e0060){ref-type="disp-formula"}, [(5)](#e0065){ref-type="disp-formula"}, [(6)](#e0070){ref-type="disp-formula"}, [(7)](#e0075){ref-type="disp-formula"}, [(8)](#e0080){ref-type="disp-formula"}, [(9)](#e0085){ref-type="disp-formula"}, [(10)](#e0090){ref-type="disp-formula"}, [(11)](#e0095){ref-type="disp-formula"} and [(15)](#e0130){ref-type="disp-formula"}

Feasibility assumption:

The carbon cap per period, *CP*, should satisfy the condition:$$\mathit{CP}_{\mathit{\min}} \leq CP \leq \mathit{CP}_{\mathit{\max}}$$

The periodic upper carbon cap is the maximum carbon emitted per period over the entire planning horizon when following the optimal lot sizing policy of the unconstrained carbon cap optimization problem, i.e., *CP~max~* = max{*CF~t~*, *t* =1, 2, ..., *T*}. On the other hand, the periodic lower carbon cap, *CP~min~*, is the optimal objective function value of the following Min-Max optimization problem:

Cap~min,~ *~t~*:

Min *X*

Subject to$$X \geq \hat{\mathit{TR}} \ast m_{t} + \hat{\mathit{FR}} \ast n_{t} + \hat{\mathit{CQ}}{\ast Q}_{t}fort = 1,2,\cdots,T$$

Constraints [(3)](#e0055){ref-type="disp-formula"}, [(4)](#e0060){ref-type="disp-formula"}, [(5)](#e0065){ref-type="disp-formula"}, [(6)](#e0070){ref-type="disp-formula"}, [(7)](#e0075){ref-type="disp-formula"}, [(8)](#e0080){ref-type="disp-formula"}, [(9)](#e0085){ref-type="disp-formula"}, [(10)](#e0090){ref-type="disp-formula"}, [(11)](#e0095){ref-type="disp-formula"}

In order to solve the optimization problem (Cap~min,~ *~t~*), we propose the following dynamic programing based algorithm. We first rewrite the carbon footprint during period *t* as:$$\mathit{CF}_{t} = \hat{\mathit{TR}}\left\lceil \frac{Q_{t}}{R} \right\rceil + \hat{\mathit{FR}}\left\lceil \frac{{E_{t - 1} + Q}_{t}}{U} \right\rceil + \hat{\mathit{CQ}}Q_{t}fort = 1,2,\cdots,T$$

Next, note that the ordering quantity in a period *t* depends only on the beginning inventory in the same period. For example, when *t = T*, the ordering quantity is equal to $D_{T} - E_{t - 1}$ since the ending inventory at period *T* must be zero. For other periods, the beginning inventory, *E~t~* ~-1~ + *Q~t~*, must satisfy:$$D_{t} \leq E_{t - 1} + Q_{t} \leq \sum\limits_{j = t}^{t + SL - 1}D_{j}t = 1,2,\cdots,T - SL$$

Therefore, we define *E~t~* ~-1~ as the state variable at period *t*. We also let *F~t~*(*E~t~* ~-1~) be the minimum of the maximum carbon footprint generated during periods *t* through *T* when the beginning inventory at period *t* is *E~t~* ~-1~. The periodic lower carbon cap is then *F* ~1~(0).

For period *T,* we have$$F_{T}\left( E_{T - 1} \right) = \hat{\mathit{TR}}\left\lceil \frac{D_{T} - E_{T - 1}}{R} \right\rceil + \hat{\mathit{FR}}\left\lceil \frac{D_{T}}{U} \right\rceil + \hat{\mathit{CQ}}\left( D_{T} - E_{T - 1} \right)forE_{T - 1} = 0,1,\cdots.,D_{T}$$

On the other hand, for any period *t* \< *T,* the beginning inventory at period *t* should satisfy Equation [(17)](#e0155){ref-type="disp-formula"}.

Note the right-hand-side inequality is due to the product shelf-life constraint. Under these two inequality constraints, the following recursive equation can be used to solve the *T*-period problem for Cap~min,~ *~t~*:$$F_{t}\left( E_{t - 1} \right) = \min\limits_{\mspace{310mu}}\left\{ {\max\limits_{\max{({0,D_{t} - E_{t - 1}})} \leq Q_{t} \leq \sum_{j = t}^{t + \mathit{SL} - 1}D_{j} - E_{t - 1}}\left\lbrack {\hat{\mathit{TR}}\left\lceil \frac{Q_{t}}{R} \right\rceil + \hat{\mathit{FR}}\left\lceil \frac{{E_{t - 1} + Q}_{t}}{U} \right\rceil + \hat{\mathit{CQ}}Q_{t},F_{t + 1}\left( E_{t - 1} + Q_{t} - D_{t} \right)} \right\rbrack} \right\}_{\mspace{310mu}}for0 \leq E_{t - 1} \leq \sum\limits_{j = t}^{t + SL - 1}D_{j}and1 < t < T$$

and$$F_{1}\left( 0 \right) = \min\limits_{\mspace{310mu}}\left\{ {\max\limits_{D_{1} \leq Q_{1} \leq \sum_{j = 1}^{\mathit{SL}}D_{j}}\left\lbrack {\hat{\mathit{TR}}\left\lceil \frac{Q_{1}}{R} \right\rceil + \hat{\mathit{FR}}\left\lceil \frac{Q_{1}}{U} \right\rceil + \hat{\mathit{CQ}}Q_{1},F_{2}(Q_{1} - D_{1}} \right\rbrack} \right\}_{\mspace{310mu}}$$

In order to solve the optimization problem (CAP~t~), we can use Lagrangian relaxation method by relaxing the set of constraints in [(15)](#e0130){ref-type="disp-formula"}. For given Lagrangian multipliers $\left( {\lambda_{t}:t = 1,2,\cdots,T} \right)$ associated with constraints [(15)](#e0130){ref-type="disp-formula"}, the dynamic programming based solution procedure proposed in [@b0305] can be used to find the optimal lot sizing policy. However, the Bisection method cannot be used to solve the dual problem to (CAP~t~ ($\lambda_{t}\left. :t = 1,2,\cdots,T \right)$) as we are dealing with more than one Lagrangian multiplier. Instead, other solution procedures, such as the sub-gradient method, have to be used which may not guarantee the attainment of an optimal lot sizing policy.

In the following, we propose a DP based algorithm similar to the one used to solve (Cap~min,~ *~t~*) with the same state variable *E~t~* ~-1~ to solve the optimization problem (CAP~t~).

Let *K~t~*(*E~t~* ~-1~) be the minimum total operational costs satisfying the demands and carbon footprint limit during periods *t* through *T* when the state variable is *E~t~* ~-1~ at the beginning of period *t.* The minimum total operational costs over the planning horizon is then *K* ~1~(0).

For a given *E~T~* ~-1~, the operational costs during period *T* is:$$K_{T}\left( E_{T - 1} \right) = A + TR \ast \left\lceil \frac{D_{T} - E_{T - 1}}{R} \right\rceil + FR \ast \left\lceil \frac{D_{T}}{U} \right\rceil + CQ \ast \left( {D_{T} - E_{T - 1}} \right)forE_{T - 1} = 0,1,\cdots.,D_{T} - 1$$ $$K_{T}\left( E_{T - 1} \right) = FR \ast \left\lceil \frac{D_{T}}{U} \right\rceil forE_{T - 1} = D_{T},$$

with *E~T~* ~-1~ satisfying$$\hat{\mathit{TR}}\left\lceil \frac{D_{T} - E_{T - 1}}{R} \right\rceil + \hat{\mathit{FR}}\left\lceil \frac{D_{T}}{U} \right\rceil + \hat{\mathit{CQ}}\left( {D_{T} - E_{T - 1}} \right) \leq CP$$

Next, for any period *t* \< *T,* the beginning inventory should satisfy Equation [(19)](#e0165){ref-type="disp-formula"} and$$\hat{\mathit{TR}}\left\lceil \frac{Q_{t}}{R} \right\rceil + \hat{\mathit{FR}}\left\lceil \frac{{E_{t - 1} + Q}_{t}}{U} \right\rceil + \hat{\mathit{CQ}}Q_{t} \leq CP$$

Then, the recursive equation to be used is:$$K_{t}\left( E_{t - 1} \right) = Min\left\{ {Ay_{t} + TR \ast \left\lceil \frac{Q_{t}}{R} \right\rceil + FR \ast \left\lceil \frac{{E_{t - 1} + Q}_{t}}{U} \right\rceil + \mathit{CQQ}_{t},{+ h\left( {E_{t - 1} + Q_{t} - D_{t}} \right) + K}_{t + 1}\left( {E_{t - 1} + Q_{t} - D_{t}} \right):\max\left( {0,D_{t} - E_{t - 1}} \right) \leq Q_{t} \leq \sum\limits_{j = t}^{t + SL - 1}D_{j} - E_{t - 1}} \right\} for0 \leq E_{t - 1} \leq \sum\limits_{j = t}^{t + SL - 1}D_{j}and1 < t < T.$$

where *y~t~* = 1 if *Q~t~* \> 0 and 0 otherwise.$$K_{1}\left( 0 \right) = \min\limits_{\mspace{310mu}}\left\{ {A + TR\left\lceil \frac{Q_{1}}{R} \right\rceil + FR\left\lceil \frac{Q_{1}}{U} \right\rceil + CQQ_{1} + h\left( {Q_{1} - D_{1}} \right) + K_{2}\left( Q_{1} - D_{1} \right):D_{1} \leq Q_{1} \leq \sum\limits_{j = 1}^{\mathit{SL}}D_{j}} \right\}_{\mspace{310mu}}$$

4. Sensitivity analysis and managerial insights {#s0045}
===============================================

In this section, we analyze the impact of the main problem parameters, such as the imposed carbon cap, inventory related cost (ordering and holding costs), as well as cooling infrastructure related parameters (driver's wage, trucks capacity, fuel price and electricity price) on the resulting lot sizing policy for the two optimization problems (CAP~T~) and (CAP~t~).

4.1. Impact of the imposed carbon cap {#s0050}
-------------------------------------

Being a key model parameter, we assess in this section the performance of the two mathematical models under various values of the imposed carbon cap (both total and periodic). The purpose is to draw analytic managerial insights pertaining to the impact of the carbon caps on the resulting lot sizing strategy and the associated operational cost and carbon emissions. The importance of conducting such analysis is that it aids the policymakers in setting appropriate values for these caps to effectively reduce the carbon emissions rather than doing so in a complete ad-hoc manner. From the individual corporations' perspective, it greatly helps them capitalize on and maneuver within the caps imposed by the legislative entities through adopting the most-cost effective lot sizing and shipping policy that is in accordance with the allowed caps limits. It shall be noted that the analysis carried hereafter is based on the illustrative example presented in the appendix, wherein the chosen values for the carbon cap respect the established limits.

For the optimization problem (CAP~T~), where the cap is imposed over the entire planning horizon, we examine 10 different values of the cap falling in the feasible range $1.573 \leq C \leq 1.715$with a step size $\varepsilon = \frac{1.715 - 1.573}{10} = 0.0142$tons (or 14.2 Kgs). The resulting operational strategy and the associated cost and total emissions are shown in [Table 3](#t0015){ref-type="table"} and [Figure 2](#f0010){ref-type="fig"} , respectively. For the other optimization problem (CAP~t~), the feasibility condition stipulates that the periodic cap falls in the range $0.1543 \leq CP \leq 0.2673$. In a similar fashion, we test 10 different values for the periodic cap with a step size of $\varepsilon = \frac{0.2673 - 0.1543}{10} = 0.0113$ tons (or 11.3 Kgs). The obtained operational strategy along with the accompanying total cost and total emissions are reported in [Table 4](#t0020){ref-type="table"} and [Figure 3](#f0015){ref-type="fig"} , respectively.Table 3Results for the optimization problem (CAP~T~) under different total cap valuesTotal capNumber oftrucksNumber offreezers*λ*\*1.574 - 1.641146794.041.641 - 1.71461243498.621.7147 - 1.71513410Figure 2Impact of the total cap on cost and total emissions of problem (CAP~T~)Table 4Results for the optimization problem (CAP~t~) under different cap valuesPeriodic capNumber of trucksNumber of freezers0.15995-0.237512450.2376-0.24513440.246-0.25314430.254-0.25714410.258-0.26113430.262-0.2731341Figure 3Impact of the periodic cap on the cost and total emissions of problem (CAP~t~)

Closely examining the tables and figures in this section, one can draw the following insights pertaining to the impact of the imposed carbon caps.

*Insight 1:* The Lagrangian multiplier ($\lambda^{\ast}$) for the relaxed model of the optimization problem (CAP~T~) provides the marginal value for the carbon cap constraint/resource or alternatively its dual price. As such, as the total cap is relaxed (i.e., assumes a higher value), this resource becomes more abundant and each additional ton of the emissions cap becomes less worthy. That is, it can be seen from [Table 3](#t0015){ref-type="table"} that as the total cap is increased, the optimal $\lambda^{\ast}$ value decreases until reaching the upper limit of the feasibility range, or the unconstrained carbon cap policy, at which point the optimal dual price value $\lambda^{\ast} = 0$. Besides the important role of the Lagrange multiplier in assessing the performance of the carbon tax and the carbon cap policy (as seen in Lemma 2), it also provides the policymaker with valuable information on the value of each additional ton of emissions cap helping ultimately with the setting of appropriate values for those caps.

*Insight 2:* As the total emission cap becomes less tight, more frequent shipments take place and/or more trucks are utilized in conjunction with fewer number of freezer units turned on (see [Table 3](#t0015){ref-type="table"}). This pattern is justified as the model takes advantage of the increased permits on the cap and thus strives to minimize the operational cost, through minimizing the holding and freezers operational costs, at the expense of an increase in the ordering and transportation costs, where the savings in the former two cost components outweigh the increase in the latter two. As can be seen from [Figure 2](#f0010){ref-type="fig"}, a stepwise decrease (increase) in the operational cost (total emissions) is realized for higher values of the emissions cap. Explicitly accounting for the limited trucks and freezers capacities induce such stepwise behavior where the Lagrange multiplier, and accordingly the lot sizing policy, remains the same for a range of the emission cap values.

*Insight 3*: Through making operational adjustments to the lot sizing strategy, it might be possible to substantially reduce carbon emissions without significantly compromising the operational cost. As can be seen from [Table 3](#t0015){ref-type="table"} and [Figure 2](#f0010){ref-type="fig"}, when the emission cap is reduced from 1.7147 to 1.7146 tons, this induces a change in the operational strategy, and the order quantities, where one fewer truck and two more freezers are used. This in turn yields a reduction of 4.35% in the carbon emissions with a minor increase of 5.32% in the operational cost. This result is in line with those established in the literature under different problem settings (e.g. [@b0125] for carbon tax policy as applied to cold products, and [@b0055] for carbon cap policy for non-perishables). This clearly illustrates the efficiency of the carbon cap policy and further suggests the adjustment of the operational strategy as a viable and a possibly more economical alternative to curbing carbon emissions instead of investing in costly environmentally-friendly and more energy-efficient technology.

*Insight 4*: For the more stringent optimization problem with periodic caps (CAP~t~), examining [Figure 3](#f0015){ref-type="fig"} reveals a general stepwise decreasing (increasing) trend in the operational cost (carbon emissions) with higher values of the cap. This is particularly the case for cap values smaller than or equal to 0.253 tons/week. For higher cap values, however, there are exceptions to this trend specifically for carbon emission where paradoxically higher total emissions may take place for tighter caps. For instance, when the periodic cap is set at 0.257 tons/week, this results in total emissions of 1.804 tons over the 12 weeks planning horizon versus 1.8189 tons of emissions for a tighter cap value of 0.246 tons/week. The same can also be noted when going from a cap of 0.2673 down to 0.258 tons/week. This surprising outcome takes place as imposing caps on a period-by-period basis may force a firm to order in bigger quantities (and use more trucks and freezers) in periods preceding those with high demand figures. This happens when ordering at the beginning of that future high demand period would entail an amount of carbon emissions that exceeds the allowed periodic caps. Note that this insight is also in line with [@b0055] work where they addressed the case of non-perishable products. The authors provide another justification for this phenomenon where they point out that imposing periodic caps on a firm's emissions could possibly deny the firm the chance to generate more emissions in one period if this allows significantly lower emissions in future periods. Hence, the analysis conducted in this paper is the first to extend the validity of their results and illustrate their applicability to the case of cold products as well. This is also an important insight as the specifics of implementing the carbon cap policy in reality (total vs. periodic) could potentially lead to significant differences in the operational cost and the carbon footprint on the long run.

4.2. Impact of inventory and cooling infrastructure related parameters {#s0055}
----------------------------------------------------------------------

We further assessed the impact of the changes in each of the inventory related cost (ordering and holding costs) as well as cooling infrastructure related parameters (driver's wage, trucks capacity, fuel price, electricity price) on the lot sizing strategy and the associated operational cost and carbon emissions. To that end, we changed one parameter at a time while keeping the remaining parameters at their base values. In the following, we discuss the results of the sensitivity analysis when conducted for the case of a cap imposed on the emitted carbon over the entire planning horizon. We considered a total carbon cap of 1.7 tons over the 12-week planning horizon as the base value, where the solution of the base case is shown in the fourth column of [Table B2](#t0040){ref-type="table"}. We did not present the results for the second case (periodic cap) as we observed almost the same effect for most of the parameters, with few exceptions, where the justification behind such exceptions is provided at the end of the previous section.

Surprisingly, the increase in the holding cost did not affect the total number of orders placed over the planning horizon. Typically, as the holding cost increases, one would expect the lot size to decrease at the expense of an increase in the number of orders. However, it should be noted here that the total cost represents a tradeoff between the holding and ordering cost on one end, and the trucks and freezers cost on the other end. For smaller lot sizes, there will be a need for more trucks due to more orders and, consequently, larger trucks related costs. Accordingly, in order to minimize the overall cost function, it is more economical to maintain the same number of orders for larger holding cost rates. Additionally, the increase in the holding cost did not have any impact on the total carbon emissions or the number of trucks and freezers used over the planning horizon. This can be explained by the same rational provided above. As can be noted from [Figure 4](#f0020){ref-type="fig"} , increasing the holding cost resulted in an increase in the optimal Lagrangian multiplier value, which implies that the carbon tax policy will result in smaller (larger) total operational cost (carbon footprint) than the carbon cap policy over a wider range of tax values. Such implication is justifiable using the results of Lemma 2.Figure 4Impact of the holding cost on the Lagrange multiplier value ($\lambda$)

Turning to the ordering cost, as anticipated, the obtained results indicate that an increase in this cost would lead to a decrease in the number of orders with an accompanying increase in the number of operational freezers (see [Figure 5](#f0025){ref-type="fig"} ). Furthermore, increasing the ordering cost triggers a decrease in the optimal value of the Lagrangian multiplier, and an increase in the amount of carbon footprint generated (as seen in [Figure 6](#f0030){ref-type="fig"} ). As opposed to the holding cost, while the ordering cost is increased, it prevails over the rest of the cost components (trucks and freezers costs) leading the model to prefer a reduction in the number of orders while naturally utilizing more freezers due to the increase in the lot sizes. The heightened levels of carbon footprint is attributed to better utilization of the trucks capacities through FTL shipments, where the CO~2~ emissions are related to the load as explained in Appendix A. Lastly, the induced reduction in the Lagrangian multiplier results in a smaller range for the tax values for which the carbon tax policy outperforms that of the carbon cap in terms of the operational cost while yielding larger carbon footprint.Figure 5Impact of the ordering cost on the number of orders and freezersFigure 6Impact of the ordering cost on the Lagrange multiplier and the carbon footprint

As for the driver's wage, it turns out that increasing this fixed component of the transportation cost leads to smaller $\lambda^{\ast}$ values (see [Figure 7](#f0035){ref-type="fig"} ), while the number of orders, trucks and freezers utilized as well as the associated carbon footprint remain unchanged. This is caused by the fact that the variable fuel based transportation cost outweighs the fixed transportation cost since the former is a key component that contributes to the carbon footprint, which has to be maintained within the imposed cap. Accordingly, all carbon related variables ($m_{t}$, $n_{t}$ and $TCF\left( Q \right)$) remain unchanged. For the obtained reduction in the $\lambda^{\ast}$ value, the same rationale provided above for the ordering cost holds true.Figure 7Impact of the driver's wage on the Lagrange multiplier value ($\lambda$)

Assessing the effect of varying the capacities of the trucks is particularly important as it aids the decision maker with the selection of the most suitable truck size, whether small, medium or large. It shall be noted here that by changing the truck capacity, we need also to change the gallon fuel consumption per mile and minimum and maximum carbon emissions over the planning horizon (*C~min~* and *C~max~*) as we are dealing with different types of trucks. The values of the fuel consumption per mile for an empty truck ($\mathit{GPM}^{0}$) and a full truckload ($\mathit{GPM}$) for the different sized trucks are obtained from the work of [@b0125]. With larger truck capacity, larger lot sizes can be shipped and, therefore, less total number of orders are placed and fewer total number of trucks will be used. As can be noted from [Table 5](#t0025){ref-type="table"} , the medium size truck ($R = 1125$ units) yields the lowest operational cost and CO~2~ emissions, and shall thus be selected.Table 5Sensitivity analysis results for the truck capacityTruck capacity ($R$)$\mathit{GPM}^{0}$$\mathit{GPM}$$C_{\mathit{\min}}$$C_{\mathit{\max}}$Number of ordersTotal operational costNumber oftrucksNumber of freezersTotal carbon footprint7500.07980.10081.5731.71511697.7813411.714611250.1010.12881.4881.6551067310411.65515000.13020.21421.7721.9826951.86541.772

Upon increasing the fuel price (*pg*), the observed outcome is a decrease in the total carbon footprint as well as the number of trucks and the number of orders whereas the number of freezers increased (see [Table 6](#t0030){ref-type="table"} ). Clearly, the reduction in CO~2~ emissions is attributed to the use of fewer trucks where this reduction outweighs the additional emissions as a result of using more freezers. In order to minimize the fuel consumption related cost associated with larger values of the fuel price, the number of trucks (and orders) have to be decreased, which is what we observed. Obviously, decreasing the number of orders implies an increase in the lot size and the initial inventory in each period and consequently the number of freezers needed to accommodate them.Table 6Sensitivity analysis results for the fuel priceFuel price (*pg*)Number of ordersNumber of trucksNumber of freezersTotal carbon footprint3.51012431.648911461.58412911461.58420911461.584

Finally, it is noted that varying the electricity price (*EP*) had no apparent impact on the lot sizing policy as it only affects the freezer related cost where this cost is overshadowed by the other cost components. In principle, as the electricity price increases, one may expect the number of freezers to decrease and accordingly smaller initial inventory and lot sizes are realized. However, such a decrease would imply an increase in the number of trucks and the number of orders, and consequently the trucks and ordering related costs. In order for this not to happen, the number of freezers, trucks, and orders remains the same.

5. Conclusion and future research directions {#s0060}
============================================

In adherence to external pressures from legislative entities and conscientious customers with regard to carbon emissions, companies are constantly facing the challenge to adopt environmentally friendly practices that aim at reducing their generated carbon footprint. To that end, this paper tackles the lot sizing problem of a temperature-sensitive product having a limited shelf life while accounting for environmental constraints via the carbon cap regulatory policy. We present mathematical models to address the two scenarios where the carbon cap is imposed on the emissions generated throughout the planning horizon or those generated per period. For each case, solution algorithms that yield the optimal ordering strategy are developed. For the first case, a hybrid Lagrangian relaxation and Bisection based solution approach is developed to obtain the optimal ordering policy, after establishing the upper and lower bounds on the total emissions. Through the use of the Lagrangian multiplier, we compare the performance of the carbon tax and the carbon cap policies from both environmental and economic perspectives, which ultimately aids the policymakers in choosing the most effective policy. For the second case, a dynamic programming based solution algorithm is devised which also guarantees the convergence to the optimal lot sizing policy.

Furthermore, a one-way sensitivity analysis is conducted on the key model parameters to assess their impact on the lot sizing policy, and the resulting operational cost and carbon emissions. The results indicate that operational adjustments to the lot sizing strategy may pose as a viable and a more affordable alternative towards reducing carbon emissions as compared to making substantial investments in costly energy-efficient technology. Also, it turned out that making operational adjustments, through modifying the order quantities and accordingly the number of trucks and freezers used, may significantly reduce the carbon footprint generated at the expense of a minor increase in the operational cost. Furthermore, it is noted from the computational analysis that the operational cost (carbon emission) is decreasing (increasing) with higher values of the carbon cap, where the later increase could possibly take place on an intermittent basis for the periodic carbon cap case. The work presented in this paper provides the policymakers or legislative entities with a decision making tool to aid them in setting appropriate values for the carbon caps towards effectively reducing the carbon emissions rather than doing so in a complete ad-hoc manner. From the corporate decision making perspective, once those caps have been set, individual corporations may make use of this work to establish the most cost-effective lot sizing and shipping policy that adheres to the imposed cap limits whilst attaining operational efficiency goals.

The work presented in this paper may be extended in several directions. One may opt to analyze similar problem settings to the one presented herein but for a more involved supply chain structure encompassing multi stages with one or more firm at each stage. Similarly, this work tackled a single cold product situation while an interesting extension would be to explore the multi cold product case which further complicates the analysis and renders a more challenging problem to solve. The consideration of other regulatory policies, such as cap-and-trade, or situations wherein the demand is stochastic, rather than deterministic, pose as other promising future research avenues. Finally, our work could be extended to situations of unforeseen disruptions such as the recent COVID-19 outbreak through devising contingency plans that seek to prioritize logistics needs in terms of required storage and transportation capacity against the uncertainties pertaining to the availability and delivery of the items (see [@b0175]). In such times of rising uncertainties, considering the resilience profiles of involved firms as well as the pre-booking of logistics capacity to minimize cost becomes the imperative rather than a choice. To that end, deploying simulation based approaches is of particular significance towards assessing the negative effects of such disruption and developing effective risk mitigation strategies (see [@b0015]).
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 {#s0075}

In this appendix, we derive the coefficients of the economic and environmental objective functions. In particular, we show how to compute the transportation and cold storage costs as well as the amount of carbon footprint emitted due to transportation and storage activities. The following notations are adopted in the derivation of these equations:*pg:*Fuel price per gallon*EP:*Electricity price per kWh*f~w~:*Hourly driver wage*GPM*:Gallons per mile for a full truckload*GPM^0^*:Gallons per mile for an empty truckload*L*:Distance traveled per truck*v:*Truck driving speed*CEGF*:Carbon emissions level per gallon of fuel*TCFE*:Total carbon footprint of one kWh energy*TECF*:Total energy consumption by one freezer operated for one periodA.1 Truck Transportation cost

We express the truck transportation cost as the sum of a fixed cost, which is independent of the fuel consumption, and a variable cost, which depends on the fuel consumption level as detailed next.

A.1.1 Fixed transportation cost

As in the work of [@b0325], we assume that the driver wage is the major cost component of the truck fixed transportation cost when compared to other components such as the cost of ownership, maintenance and repairing cost, and insurance cost. The fixed transportation cost during period *t* can then be expressed as:$$f_{w}\frac{L}{v}m_{t}$$

A.1.2 Variable transportation cost

In the transportation of cold products, the fuel is consumed for the purposes of generating motive power as well as for maintaining the temperature of the truckload at appropriate level ([@b0325]). As observed by [@b0340], the fuel consumption of the truck refrigeration equipment cannot be accurately estimated since it depends on several factors such as type of product (chilled vs. frozen), multiple vs single stops/drop-offs, surface area of the truck, difference in temperature between the inside and the outside of the truck, among many others. In addition, through a search in the relevant literature, we found different equations that are adopted in the calculation of the fuel used for temperature control (see for example [@b0325], and [@b0365]). Based on the data of 17 temperature-controlled trucks, [@b0340] reported that irrespective of the truck type, the average fuel consumption of the refrigeration equipment in the sample was between 15% and 25% of the engine fuel consumption. Accordingly, in this paper we mark up the available engine fuel consumption figures from the literature by a certain percentage to account for the additional consumption due to refrigeration. In the following, we assume the gallon per mile (GPM) figures include both fuel used for power motive and temperature control.

The total fuel consumption is a function of the number of trucks utilized, the distance traveled, the FTL capacity and the actual load in each truck. As the lot size in a specific period ($Q_{t}$) is transported to the retailer via a fleet of $m_{t}$identical trucks each having a capacity of $R$ units, one may note that $m_{t} - 1$trucks will be fully loaded while the load of the last truck is simply $\left\lbrack Q \right._{t} - \left( {m_{t} - 1} \right)\left. R \right\rbrack$. Assuming a linear relationship between the gallons of fuel consumed and the truckload, the total fuel consumption in period $t$for the full ($m_{t}\left. - 1 \right)$ trucks is $L\left( {m_{t} - 1} \right)GPM$, and the fuel consumption for the last partially loaded truck is:$$L\left\lbrack {\left( \frac{Q_{t} - \left( {m_{t} - 1} \right)R}{R} \right)\left( {GPM - \mathit{GPM}^{0}} \right) + \mathit{GPM}^{0}} \right\rbrack$$

The total fuel consumption by all trucks during period *t* is then given by:$$L\left\{ \left\{ {\left( {m_{t} - 1} \right)GPM + \left( \frac{Q_{t} - \left( {m_{t} - 1} \right)R}{R} \right)\left( {GPM - \mathit{GPM}^{0}} \right) + \mathit{GPM}^{0}} \right\} \right)$$

The fuel consumption cost during period *t* is obtained by multiplying the last equation by the fuel price per gallon, *pg,* which after some mathematical simplification can be written as$$\left( {pg \ast L \ast \frac{\mathit{GPM} - \mathit{GPM}^{0}}{R}} \right)Q_{t} + \left( {pg \ast L \ast \mathit{GPM}^{0}} \right)m_{t}$$

The total transportation cost is calculated as the sum of the fixed transportation cost given in [(A1)](#e0205){ref-type="disp-formula"} and variable transportation cost shown in [(A2)](#e0220){ref-type="disp-formula"}. It can then be expressed as:$$\mathit{CQ}Q_{t} + TRm_{t}$$

where$$\mathit{CQ} = pg \ast L \ast \frac{\mathit{GPM} - \mathit{GPM}^{0}}{R}andTR = pg \ast L \ast \mathit{GPM}^{0} + f_{w}\frac{L}{v}$$

A.2 Cold storage cost

Similarly, the cold storage cost depends on the electricity consumed by the freezers, where the latter is a function of the number of operational freezers per period ($n_{t}$) and the periodic energy consumption by each freezer, $\mathit{TECF}$. As such, the freezers' operational cost during period *t* is given by:$$\mathit{EP} \ast TECF \ast n_{t} = FR \ast n_{t}$$

where$$\mathit{FR} = EP \ast TECF$$

Using equations [(3)](#e0055){ref-type="disp-formula"}, [(5)](#e0065){ref-type="disp-formula"}, the total operational costs due to transportation and storage activities of the cold product during period *t* is given by$$\mathit{CQ}Q_{t} + TRm_{t} + FR \ast n_{t}$$

Given that $m_{t} = \left\lceil \frac{Q_{t}}{R} \right\rceil$ and $n_{t} = \left\lceil \frac{Q_{t}}{U} \right\rceil$, where $\left\lceil x \right\rceil$ is the smallest integer larger than or equal to *x*, it is clear that the above function given in [(A7)](#e0245){ref-type="disp-formula"} is a stepwise function of the ordering quantity with discontinuity that are multiples of the truck capacity and freezer capacity (see [Figure A1](#f0040){ref-type="fig"} ).Figure A1Transportation and storage cost as a function of the order quantity

A.3 Carbon Footprint

In this paper, carbon emissions are mainly generated by the transportation and storage activities of the cold products. The calculations of the carbon footprint for each activity are shown next.

A.3.1 Carbon footprint due to transportation

The carbon emissions in period $t$ due to transportation activities is obtained through multiplying the carbon emissions level per gallon of fuel, $\mathit{CEGF}$, by the total fuel consumption by all trucks during period *t*. The carbon emitted because of transportation activities during period *t* is then:

$\mathit{CEGF} \ast L \ast \left( {\frac{\mathit{GPM} - \mathit{GPM}^{0}}{R}Q_{t} + \mathit{GPM}^{0}m_{t}} \right)$, or$$\hat{\mathit{CQ}}Q_{t} + \hat{\mathit{TR}}m_{t}$$

where$$\hat{\mathit{CQ}} = CEGF \ast L \ast \frac{\mathit{GPM} - \mathit{GPM}^{0}}{R}and\hat{\mathit{TR}} = CEGF \ast L \ast \mathit{GPM}^{0}$$

A.3.2 Carbon footprint due to cold storage

The freezers at the retailer's facility are held accountable for high levels of energy consumption and increased amount of CO~2~ emissions. In particular, the carbon footprint generated per period due to cold storage activities is a function of the number of freezers operational during that period ($n_{t}$), the energy consumption by one freezer operated for one period, and the carbon footprint of one kWh energy. It is thus given by:$$\mathit{TCFE} \ast TECF \ast n_{t},or$$

$\hat{\mathit{FR}} \ast n_{t},$ (A10)

where

$\hat{\mathit{FR}} = TCFE \ast TECF$ (A11)

Using equations [(A8)](#e0250){ref-type="disp-formula"} and (A10), the carbon footprint generated due to transportation and storage activities during period *t* is:

$\mathit{CF}_{t} = \hat{\mathit{CQ}}Q_{t} + \hat{\mathit{TR}} \ast m_{t} + \hat{\mathit{FR}} \ast n_{t}$ (A12)

Appendix B:. Illustrative example for optimization problem (CAP~T~) {#s0080}
===================================================================

In order to demonstrate the solution procedure for the optimization problem (CAP~T~), we solve the following example in which some of the parameters values are adapted from the cold supply chain literature and are cited when used. For the sake of clarity, we provide detailed calculations of the objective function and carbon cap constraint coefficients.

A cold product, with a shelf life of *SL* = 3, is facing a discrete time-varying demand over a planning horizon of 12 weeks, as shown in [Table B1](#t0035){ref-type="table"} . All administrative activities associated with the placement of an order is estimated to be \$5 per order. The distance between the supplier and the retailer is 100 miles (161 km). It is assumed here that the fuel type used is diesel, which costs \$3.25 per gallon. The cold product, in this case dairy products, are moved in unit load of crates with dimensions of 15 1/4" \* 13" \* 11". The total value of the dairy products held in each crate is worth \$50. The holding cost from the product value is calculated based on a 10% annual interest rate resulting in a retailer's holding cost of \$0.1 per unit per week (0.1\*\$50/52). The drivers wage is \$3.4 per hour after converting the monthly wage in local currency to dollar and assuming the driver is working for 160 hours per month.Table B1Demand data for the illustrative exampleWeek *t*123456789101112*D~t~*400600400300400120080080030010003001400

The fuel related parameters were estimated based on the works by [@b0340], [@b0230], [@b0125]. [@b0230] reported the fuel consumptions for different sized trucks under different truck speeds. Subsequently, [@b0125] provided a modified version of [@b0230] calculations with the fuel consumption figures shown in gallons per mile. In this work, we opted to use the gallon per mile as well since it is more useful towards determining the amount of gallons needed to drive a certain distance. In this paper, the fuel consumption per mile for the full and empty truck is assumed to be 0.072 gallons and 0.057 gallons, respectively for an average speed of 60 Km/h for a small truck ([@b0230], [@b0125]). The aforementioned fuel consumption figures are only valid for regular trucks. However, since we are dealing with refrigerated trucks, there will be an increase in energy consumption to preserve the truckload at the desired temperature. As mentioned in Appendix A, [@b0340] pointed that the average fuel consumption of the refrigeration systems varies between 15% and 25% of the engine fuel consumption. This percentage is much higher for countries experiencing high ambient temperatures and humidity during most months of the year, such as Middle East countries. Accordingly, we adopt herein a 40% fuel consumption markup, which results in gallon per mile values of 0.1008 and 0.0798 for full and empty trucks, respectively. The Refrigerated truck used is 20' long with internal dimensions of 17'10" \* 7'5" \* 7'5". Given the truck and crate dimensions, this translates into a loading capacity of 750 units.

The amount of carbon emission generated per gallon of fuel consumed, *CEGF*, is 0.0112 ton^4^. The freezer's capacity is 9 m^3^ which is enough to store a maximum of *U* = 250 crates with the same dimensions as above. It is assumed that a single stage recuperating compressors and evaporative condensers is used for the refrigeration system with an energy consumption of 57.6 kWh/year/m^3^ ([@b0050], [@b0180]). Accordingly, the total energy consumption by one freezer, $\mathit{TECF},is518.4\left( TECF = 57.6 \ast 9 \right)$ kWh/year or equivalently 10 kWh/week. The price per kWh, *EP,* depends on the consumption amount and the country electricity tariffs, which is set at \$0.11/kWh [4](#fn4){ref-type="fn"}. Finally, the total carbon footprint for 1 kWh of energy, $\mathit{TCFE},is7.44 \times 10^{- 4}$ tons/kwh [5](#fn5){ref-type="fn"}. Using these parameters' values, the cost coefficients of the objective function *CQ, TR,* and *FR* are calculated as follows:

*CQ =* $\mathit{pg} \ast L \ast \frac{\mathit{GPM} - \mathit{GPM}^{0}}{R}$ = 3.25 \* 100 \* (0.1008 -- 0.0798)/750 = \$0.0091/unit

$\mathit{TR} = pg \ast L \ast \mathit{GPM}^{0} + f_{w}\frac{L}{v}$= 3.25 \*100 \*0.0798 + 3.4 \*161/60 = \$35.05/truck

$\mathit{FR} = EP \ast TECF$ = 0.11 \* 10 = \$1.1/freezer

The carbon cap constraint related coefficients$\hat{\mathit{CQ},}$ $\hat{\mathit{TR}},and\hat{\mathit{FR}}$are computed as follows:

$\hat{\mathit{CQ}} = CEGF \ast L \ast \frac{\mathit{GPM} - \mathit{GPM}^{0}}{R}$ = 0.0112\*100\* (0.1008 -- 0.0798)/750 =3.14$\ast$10^-5^ tons/unit

$\hat{\mathit{TR}} = CEGF \ast L \ast \mathit{GPM}^{0}$= 0.0112$\ast$100$\ast$0.0798 = 0.0894 tons/truck

$\hat{\mathit{FR}} = TCFE \ast TECF$ = 0.000744\*10 = 0.00744 tons/freezer

After solving the (Cap~min,T~) and (Cap~max,T~) optimization problems, we get *C~min~* = 1.573 tons and *C~max~* = 1.715 tons, respectively. [Table B2](#t0040){ref-type="table"} reports the obtained results for carbon cap values larger than 1.715 (unconstrained problem), as well as for the intermediate values of 1.7 and 1.6 tons. For a carbon cap of 1.7 tons, the optimal ordering policy resulted in a minimum total operational cost of \$734.85 and a total carbon footprint of 1.64 tons over the 12 weeks planning horizon. This optimal ordering policy resulted in a reduction of 4.37% in the total carbon emissions when compared to the optimal solution of the unconstrained carbon cap policy. Furthermore, in an attempt to reduce the carbon emissions due to transportation activity, it is noted that less frequent orders are made for a cap value of 1.7 tons along with better utilization of the trucks' capacity when compared to the unconstrained policy. On the other hand, a limit of 1.6 tons on the total carbon emitted over the planning horizon yields a reduction in carbon footprint by 8.28%. As it can be noticed from [Table B2](#t0040){ref-type="table"}, the reduction in CO~2~ emissions is mainly due to the drop in the total number of trucks used over the entire planning horizon. This reduction in the carbon footprint due to the use of fewer trucks clearly outweighs the additional emissions induced by the use of more freezer units.Table B2Optimal solutions for the operational cost optimization problem (CAP~T~)C\> 1.7151.71.6*t*$D_{t}$$Q_{t}$$Q_{t}$$Q_{t}$140040065065026006007507503400700004300070070054004000061200130013001400780075075075088007507507509300550550750101000750750750113003003000121400140014001400Lagrangian multiplier, *λ*\*0498.62794.04Total operational cost697.71734.85788.1Total CO~2~ emissions (tons)1.7151.641.573Total number of trucks131211Total number of freezers414346

Appendix C:. Illustrative example for optimization problem (CAP~t~) {#s0085}
===================================================================

Using the same illustrative example given in Appendix B, we first get *CP~min~* = 0.1543 tons and *CP~max~ =* 0.2673 tons. The optimal ordering schedules along with the periodic carbon emissions under no carbon cap restriction and under maximum carbon emission of 0.25 tons and 0.20 tons per week are reported in [Table C1](#t0045){ref-type="table"} .Table C1Optimal solutions for the operational cost optimization problem (CAP~t~)CP\> 0.26730.250.20$t$$D_{t}$$Q_{t}$$\mathit{CF}_{t}$$Q_{t}$$\mathit{CF}_{t}$$Q_{t}$$\mathit{CF}_{t}$14004000.11684000.11684000.116826006000.13056000.13056000.130534007000.13367000.13364000.1168430000.014900.01495000.119954004000.11685150.12787500.14276120013000.264210850.257500.142778007500.14278500.23527500.142788007500.14277500.14277500.142793005500.12895500.12897500.14271010007500.14277500.14277500.1427113003000.11379500.23837500.142712140014000.26737500.15757500.1427Total operational cost697.71801.46822.05Total CO~2~ emissions (tons)1.7151.8191.655Total number of trucks131412Total number of freezers394345

When setting the periodic cap at a value larger than 0.2673 tons per week, it turned out that the trucks were fully utilized (FTL) in only 3 out of the 12 weeks planning horizon. A similar pattern with many less-than-truckload (LTL) replenishments over several weeks is also observed for a periodic cap of 0.25 tons per week. The dispatching of semi-loaded trucks' is justified as the carbon emissions, as well as the transportation cost, increase with additional load rendering LTL shipments a more economical option. This also explains the positive slackness in the periodic carbon cap constraints where these constraints turn out to be non-binding across all 12 weeks.

As a tighter cap on periodic emissions is imposed, this induces an increase in the operational cost of the lot sizing policy where this increase is not necessarily proportional to how tighter the cap gets (i.e., 14.87% and 2.54% cost increases are realized when the periodic cap is reduced from 0.2673 to 0.25 and from 0.25 to 0.20, respectively). From a carbon emissions perspective, it can be seen that a tighter cap value of 0.25 tons/week had unexpectedly resulted in higher total emissions (1.819 tons) as compared to 1.715 tons for a cap value greater than or equal to 0.2673 tons/week. This is due to the fact that 2 trucks are used in weeks 7 and 11 for an emission cap of 0.25 versus one truck in both weeks for the unconstrained case (cap \> 0.2673). The use of more trucks for a tighter cap is justified as this prevents the use of more trucks in subsequent periods (see week 12 for example), where the emissions associated with future period(s) shipment may exceed the imposed periodic cap (i.e. a shipment of 1400 units in week 12 results in 0.2673 tons of emissions which exceeds the 0.25 tons/week limit).

The authors are indebted to the esteemed anonymous reviewers for their constructive feedback which led to substantial improvement in the content and presentation of the paper.
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